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^ Abstract: We propose and prove a new exact duality between the F-terms of su- 

CN persymmetric gauge theories in five and three dimensions with adjoint matter fields. 

The theories are compactified on a circle and are subject to the fl deformation. In 
the limit proposed by Nekrasov and Shatashvili, the supersymmetric vacua become 
^ isolated and are identified with the eigenstates of a quantum integrable system. The 

effective twisted superpotentials are the Yang- Yang functional of the relativistic ellip- 
tic Calogero-Moser model. We show that they match on-shell by deriving the Bethe 



X 

;_j ansatz equation from the saddle point of the five-dimensional partition function. We 

^ also show that the Chern-Simons terms match and extend our proposal to the elliptic 

quiver generalizations. 



Contents 



1 Introduction 1 

2 Five-dimensional Theory 4 

2.1 J\f = 2* super Yang-Mills theory on S*^ 4 

2.2 Elliptic quiver generalization 8 

2.3 Adding Chern-Simons terms 10 

3 Three-dimensional Theory 10 

3.1 A/" = 4 super Yang-Mills theory on 5*^ 10 

3.2 Elliptic quiver generalization 14 

4 The Duality via Integrability 16 

4.1 Perturbative check 17 

4.2 Bethe ansatz from Nekrasov's instanton partition function 21 

5 Comments on Future Directions 25 



1 Introduction 

The intimate connection between supersymmetric gauge theories and integrable models 
has been an extremely fertile research theme over the past few decades (see [1] for a re- 
view). One of the best-known elements of this story is that the Seiberg-Witten curves of 
the four-dimensional M = 2 gauge theories can be identified with the spectral curves of 
classical integrable systems. Recently, a striking proposal of Nekrasov and Shatashvili 
extends this correspondence to quantum integrable models by subjecting the gauge 
theories to a special limit of the so-called f2-deformation [2]. This latter deformation 
introduces chemical potentials (61,62) associated to the rotations in two orthogonal 
planes in M"^. The Nekrasov-Shatashvili limit corresponds to taking (61,62) — ?■ (6,0) 
where one of the rotation parameter is turned off resulting in an A/" = (2, 2) super- 
symmetry being preserved in the fixed plane. ^ In the deformed theory, e plays the 
role of Planck's constant h and the resulting geometry can be interpreted as a kind of 
quantization of the Seiberg-Witten curve. 

^Thc string theory realization of the ri-background has recently been studied in [3-5]. 
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The correspondence can be naturally extended to gauge theories with eight su- 
percharges in five dimensions compactified on a circle. These are known to lead to 
effective four- dimensional theories whose Seiberg-Witten curve corresponds to a rela- 
tivistic integrable system where the radius R of the compactification circle plays the 
role of the inverse speed of light [6]. In the four-dimensional limit as i? — 0, we recover 
the non-relativistic version of the integrable system. 

The low energy physics of the four-dimensional theory is described by an effective 
twisted superpotential W^^, a multi-valued function on the Coulomb branch defined in 
terms of Nekrasov's instanton partition function by 

Vy4d^a,e)= lim es log Z^'^(a, ei, 62) - 27rz r? ■ a , (1.1) 

where the branch choice n G parametrizes the supersymmetric vacua and the quan- 
tity €162 log Z'*'^(a, ei, €2) in the Nekrasov-Shatashvili limit (61,62) — (e, 0) is the ana- 
logue of the prepotential in the deformed background. The freedom in n is also related 
to turning on the two-dimensional theta angle, which is equivalent to quantized electric 
fiux via the Coleman effect. The vacuum equation is given by 

implying that the dual variable = ne is quantized in units of e. Equivalently, we 
can go to a different electromagnetic duality frame via the Legendre transform 

n;^(a^,e) = W^''ia,e) - —a-a'', (1.3) 

e 

which correspond to turning on quantized units of magnetic flux. The vacuum equation 
is now 

implying that now a is quantized in units of e. The two quantization conditions have 
been called type A and type B, respectively. Due to (1.3), the twisted superpoten- 
tial and its dual are equal as multi-valued functions when either type A or type B 
quantization condition is imposed. 

An earlier observation of Nekrasov and Shatashvili [7, 8] also relates the twisted 
superpotentials W^*^ of certain two-dimensional gauged linear sigma models to the 
Yang- Yang functionals of quantum integrable systems. Here, the given two-dimensional 
theory acquires a twisted mass e from the fl background, and the F-term equation is 
then identifled with the Bethe ansatz equation of the quantum integrable system. The 
supersymmetric vacua of the two-dimensional theory are in one-to-one correspondence 
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with the eigenstates of the integrable system. These proposals have been powerful not 
only at establishing connection between individual supersymmetric field theories and 
quantum integrable systems, but they also provide a novel way to relate gauge theories 
in various spacetime dimensions by relating them to the same integrable system [9, 10]. 

Based on these ideas, [11, 12] proposed and proved a duality between four-dimensional 
M = 2 superconformal QCD and two-dimensional M = (2, 2) supersymmetric sigma 
model by relating them to the quantization of the s/(2,M) spin chain, where the two- 
dimensional theory can be viewed as the world-volume theory of vortex strings prob- 
ing the root of the Higgs branch of the four-dimensional theory. The vortices carry 
quantized units of magnetic flux and give rise to the type B quantization of the four- 
dimensional theory. The precise statement of the duality is that the twisted super- 
potentials of the two theories coincide when evaluated on their corresponding vacua; 
loosely speaking 

on-shell ^, 

One can naturally lift this duality to one higher dimension and connect theories 
with fundamental flavors in five and three dimensions. In this paper we explore more 
general theories with massive adjoint hypermultiplets. The theories with fundamental 
flavors can be recovered via decoupling limits of the quiver generalization. 

Five-dimensional theory: J\f = 2* U{L) super Yang-Mills theory on R.'^ x 5*^ with 
an adjoint hypermultiplet of mass m. Its low energy effective theory is four-dimensional 
with gauge coupling l/gl^ = 27iR/gl^, which is combined with the vacuum angle 6'4d 
to form an effective coupling r = ini/gl^ + 644/271. The theory is subject to the 
Nekrasov-Shatashvili deformation in M^. 

Three-dimensional theory: J\f = A U{N) super Yang-Mills theory on x 
with three adjoint chiral multiplets of twisted masses m, e, and — m — e. The 3d Fayet- 
Iliopoulos parameter ( is related to the 2d parameter r as ( = r/(27ri?). It is combined 
with the vacuum angle 624 as a complex coupling t = ir + ^^2d/2vr. 

In the same spirit as [1 1] , the three-dimensional theory arises as the world- volume 
theory of vortex strings probing the Higgs branch of the five-dimensional theory. One 
of the new features of these odd dimensional theories is the possibility of adding Chern- 
Simons terms. As usual they can be induced by integrating out massive fermions. As 
we will show, turning on a level k five-dimensional Chern-Simons term then is related 
by the duality to a three-dimensional Chern-Simons term of the same level. In the 
ensuing dynamics, the vortices become dyonic carrying electric as well as magnetic 
fluxes. 

The duality is established by relating the two theories to the same integrable sys- 
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tern, in this case the elhptic Ruijsenaars-Schneider model [13]. This is a relativistic^ 
generahzation of the elhptic Calogero-Moser model describing L particles on a circle of 
radius r interacting via a pairwise elliptic potential having a coupling proportional to 
m. It is known that the spectral curve of the model coincides with the Seiberg-Witten 
curve associated with the five- dimensional theory [6, 15]. We find that the saddle- 
point equation gives a Bethe ansatz equation describing the magnon excitations of this 
integrable model. 

We also generalize our 5d/3d duality to the elhptic quiver theory and consider its 
various limits. When the adjoint or bi-fundamental hypermultiplet masses become very 
heavy, we can integrate them out and the theory becomes pure five-dimensional M = 1 
super Yang-Mills corresponding to the relativistic Toda theory. When the gauge cou- 
plings of the two ends of the quiver tend to zero, the corresponding gauge groups freeze 
and become flavor groups and we obtain five-dimensional M = 2 supersymmetric QCD 
or its linear quiver generalization which correspond to the anisotropic XXZ integrable 
spin chain. Finally in the i? — limit, we also recover the four-dimensional theories 
corresponding to the non-relativistic Toda chain and XXX spin chain, respectively. 

This paper is organized as follows. In section 2, we describe the various five- 
dimensional gauge theories under consideration and their brane constructions. In sec- 
tion 3, we discuss in detail the related three-dimensional gauge theories. In section 4, 
we provide evidence for the 5d/3d duality through perturbative and non-perturbative 
checks, and demonstrate how the Bethe ansatz equations naturally appear from the 
non-perturbative part of the five-dimensional Nekrasov partition function. We con- 
clude by commenting on some future directions. 

2 Five-dimensional Theory 

2.1 Af = 2* super Yang-Mills theory on 

Let us begin by reviewing the brane construction of a supersymmetric gauge theory 
with eight real supercharges compactified on M"^ x S"^, a theory that can be regarded as 
the five-dimensional generalization of the familiar four-dimensional TV = 2* theory [16] . 
A perhaps less-known but important fact is that this theory also admits Higgs branches 
when the mass parameter is tuned to special values and this implies the existence of 
co-dimension two vortex strings probing the Higgs branch and motivates the 5d/3d 
correspondence in our subsequent discussions. 

^Note that the name "relativistic" is somewhat misleading and it would be better to call it "one- 
parameter generalization" [14]. 
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We start from the construction of = (1, 1) super Yang-Mills theory in five 
dimensions with gauge group U{L). This theory is maximally supersymmetric with 
sixteen supercharges and can be realized in JIB string theory with L coincident D5 
branes extended in the 012346 directions. Two of the directions are compactified on a 
two-torus given by ^ + 27iR and x^ ^ x^ + 2ttRq . At energy scale A ^ l/i?g ^ 
1/-R, we have an effective five- dimensional theory on x S*^. By T-dualizing on the x'^ 
circle, we obtain an equivalent IIA brane construction with the L D4 branes localized 
at a point on the dual circle of radius 1/R. We can also separate the D4 branes along 
the compact x*^ direction and this corresponds to turning on a Wilson line for the x'^- 
component of the gauge field in the five-dimensional theory. Upon compactification, 
the Wilson line yields a periodic scalar that combines with a real adjoint scalar in the 
five-dimensional vector multiplet to form a complex scalar. Geometrically its VEV 
gives the positions of individual D4 brane in the complex direction u = x^ + ix'^ where 
u ^ u + i2T[/R. To obtain the five-dimensional theory of interest, we need to break 
the supersymmetry by half, and this is achieved by introducing a single NS5 brane in 
the 012345 directions where the D4 branes can break once x^-periodicity is imposed. 
We also need to give a complex mass to the adjoint hypermultiplet, this can be done 
following [17] by giving the D4 brane twisted boundary condition: x^ ^ x^ + ^tiRq, 
u — )■ u+m, such that the two end points of a D4 brane on the NS5 brane no longer meet 
but separate by an amount 2'KRm in complex u plane. Finally the compactification 
along the x'* direction further demands the mass parameter m to satisfy the condition 
m ~ m + 27C / R. This finishes the brief review on brane construction of the five- 
dimensional theory. 

Let us denote the coordinates on the Coulomb branch of the five-dimensional theory 
by Oj, which can be regarded as the diagonal VEVs of the adjoint scalar in the vector 
multiplet. The periodicity in the x^ direction can be realized by imposing = ai+L- If 
the gauge group is broken down to its maximal Cartan subgroup U (1)^, the D4 branes 
can now join together and form a single helical D4 brane or a coil wrapping along the 
two-torus given by the and x^ directions as illustrated in Figure 1. We can identify 
the i^^ circular segment of the helical D4 brane with the i*^ U{1) abelian factor of 
f/(l)^. We therefore view the five- dimensional world volume of the D4 brane in such 
configuration as stretching along the non-compact 0123 directions and wrapping along 
the {x*, x^) torus. 

As mentioned before, our five-dimensional theory also admits a Higgs branch which 
meets the Coulomb branch at special loci known as the "Higgs branch root" given by 

aj-aj+i=m, j = l,...,L, (2.1) 
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up to permutations of the {clj}. Now if we quantize the mass parameter via 

mLR G 27rZ, (2.2) 



then the two ends of the hehcal D4 brane are identified and we obtain a single toroidal 
helical D4 brane. Using the U{1) center-of-mass degree of freedom, we may set aj = 
—jm and the condition aj = aj+i is consistent with the periodicity of the mass param- 
eter m ^ m + 2tt / R. We can then move onto the Higgs branch of the theory by lifting 
the single D4 brane in the x'' direction away from the NS5 brane. 

NS5 









a2 
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D4 





r4,5 



X' 



Figure 1. The Higgs branch root with adjoint hypermultiplet mass m. 



Following Nekrasov and Shatashvili [2], we now turn on the fi-deformation in the 
non-compact 23 plane. The Higgs branch condition is then deformed into 

aj — ttj+i =171 — (uj — nj+i)e, (2.3) 

for rij G Z. These are to be viewed as a quantum deformation of the classical Higgs 
branch root condition for the five-dimensional theory. Here, the integers rij also have 
the physical interpretation of turning on quantized magnetic flux in the non-compact 
23-directions for the j^^ U{1) factor in the Cartan subalgebra of U{L): 

^ J{F23)j dx^ A dx^ = Uj . (2.4) 

In the brane construction we can realize such quantized magnetic flux by "dis- 
solving" rij D2 branes in the j^^ D4 brane. However, due to the compact toroidal D4 
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world volume, the D2 branes are rather subtly engineered. Essentially, to minimize 
their energy the D2 branes like to stay inside the resulting single D4 brane. However, 
due to the opposite orientations of the adjacent D4 branes, this can only be consistent 
with rij+i — rij D2 branes stretching from the NS5 brane to the D4 branes. In order 
to compensate for the net magnetic charges in the D4 brane, as given in (2.4), we can 
configure the D2 branes in the following way. Let us begin with D2 branes and take 
a subset of nj of them and stretch them from the NS5 brane to the D4 brane along the 
x'' direction, then stretch them along the toroidal x"^ and directions inside the D4 
brane world volume at fixed and eventually stretch back along to the NS5 brane. 
This is shown in Figure 2. 



NS5 




Figure 2. Higgs branch of the five-dimensional theory as a single helical D4 brane. 

Near the region transverse to the helical D4 brane, there are nj D2 branes of one 
orientation along x^ and n^+i of the opposite orientations and so they locally annihilate 
to leave rij+i — rij D2 branes stretching along the interval. One important detail here 
is that as far as the j*^ circular segment of the helical D4 brane is concerned, it only 
contains rij unit of net D2 or "vortex" charges, this motivates the quantization condition 
on the Coulomb coordinate: 

aj = -jm - (^Uj + ^^e, i = 1, . . . , L , (2.5) 

where we identify rij = rij+L- We see that the Higgs branch root condition (2.3) is 
identically satisfied. Notice that as the quantization condition (2.3) only fixes aj up 
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to an additive constant, we have used this freedom to introduce an additional e/2. 
This accounts for the difference between the five-dimensional and three-dimensional 
Coulomb parameters in the deformed background. In section 3, we shall discuss in 
some detail the three-dimensional world- volume theory of these D2 branes or "vortices" 
from the perspective of the five-dimensional gauge theory. 

2.2 Elliptic quiver generalization 

It is straightforward to extend the analysis to the five-dimensional generalization of 
the elliptic quiver theory considered in [17]. The quiver gauge group is then G = 
U{1) X SU{L)^ where the U{1) factor corresponds to the center-of-mass motion and 
decouples from the rest. The matter content of the a*^ factor SU{L)a consists of a bi- 
fundamental hypermultiplet Lq®Lq,+i with mass nia- The Coulomb branch coordinates 
are a" with a = 1, . . . , i^, i = 1, . . . , L and they have periodicity a"^^ ~ a'j + m. 
The bi-fundamental mass nia is given by the difference between the center-of-mass 
positions of the D4 branes ending on either side of the a*^ NS5 brane; that is = 
Z X]j=i {^'j'^^ ~ '^i ) • '^^^ constraint = is automatically satisfied by nia as 

defined above. However, as explained in [17], this can be relaxed to give X]a=i = 
as in the single gauge group case, by having a non-trivial twisted fibration along the 
compactified direction in the brane construction. In this way, one can have arbitrary 
hypermultiplet masses {m,a}- 



NS5 NS5 




Figure 3. The Higgs branch root of the ^7(1) x SU{3)'^ elliptic quiver theory. 
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The Higgs branch root in the quiver generahzation is located at 

a] - a'^ti = (2.6) 

As explained in [18], the D4 branes will connect to form K helices each beginning on 
one NS5 brane and ending on another NS5 brane. If K and L are co-prime, then each 
helix connects two different NS5 branes. If we now quantize the bi-fundamental masses 
in the form 

rUaLR G 27rZ, (2.7) 

the helices connect to form a single torus helix and the gauge group is broken to 
f/(^l)gcd(-ft',-L) jf ^ g^j^^ ^ g^j,g j^Q^ co-prime, then each helix begins and ends on the same 
NS5 brane. Thus we get gcd(i^, L) torus helices when we impose (2.7). Figure 3 shows 
an example with K = 2 and L = 3. In either case, we can dissolve n° D2 branes in the 
jth gggjjient of the helical D4 brane(s) connected to the a^^ and the {a + iy^ NS5 branes 
and move the D4 brane (s) away from the NS5 branes leaving ra" D2 branes stretched 
in between the a^^ NS5 brane and the j^^ segment of the D4 brane(s). Between 
the a^^ and the {a + l)*'' NS5 branes, there are ^^^^ = iV D2 branes. Fi gure 4 
shows a simple example. Note that the D2 branes are stretched in as well as x''. 



NS5 NS5 




Figure 4. Three-dimensional U{N)'^ theory dual to five-dimensional U{\) x U{1)'^ theory. 

The FI parameter r is proportional to Ax^ and parametrizes the Higgs branch VEV of 
the three-dimensional theory. The five-dimensional Higgs branch VEV corresponds to 
Ax^. When r > 0, the three-dimensional theory lies on the Higgs branch. 



- 9 - 



The quantum deformation away from the Higgs branch root in the quiver is now 
given by the condition 

«i - «Si = - - ^Si ) ^ ■ (2-8) 
2.3 Adding Chern-Simons terms 

In addition to the quiver generahzation, the five-dimensional gauge theories can be 
endowed with Chern-Simons terms of the form [19] 

Ccs = §^A'AF^ AF'. (2.9) 

The well-known way of introducing a Chern-Simons term is to begin with the five- 
dimensional gauge theory without one and couple the theory with k auxiliary massive 
fundamental fermions, each of mass /x. The parity triangular anomaly is generated 
via a one-loop radiative correction involving the auxiliary massive fermions. The net 
effect is to induce a Chern-Simons term in the low energy effective action with Cijk ~ 
— /c/2-sgn(/i) when i = j = k. In the IIA brane picture, the additional auxiliary massive 
fermions can be realized by having D6 branes in 0123789 directions and integrating out 
the open strings stretching between D4 and D6 branes. The scenario can also realized 
by a brane set-up in the IIB theory [21]. 

In the presence of the Chern-Simons term, topologically stable vortex solutions 
exist in the so-called "broken phase" that carry both electric and magnetic charges 
(see [22] for an excellent introduction to these solitons). Their world- volume dynamics 
can also be studied by replacing the bulk Chern-Simons term with auxiliary fermions 
[23, 24]. These fermions arise as the zero mode fluctuations of the bulk auxiliary 
fermions. Given that there is a simple way to introduce a Chern-Simons term we do 
not expect that its presence affects the quantization condition (4.2). We shall confirm 
this expectation by performing an explicit check of the 5d/3d duality in the presence of 
a Chern-Simons term in section 4. Here we also mention that in three dimensions, the 
IIB brane configurations for the vortices in supersymmetric Chern-Simons theory with 
fundamental hypermultiplets have been realized in [25, 26]. It would be interesting 
to consider its generalization to incorporate adjoint hypermultiplets instead and our 
configuration should then be obtained via a T-duality transformation. 

3 Three-dimensional Theory 

3.1 J\f = A super Yang-Mills theory on 

Having discussed the five- dimensional theories of interest, let us now identify the theory 
describing the collective excitations of the set of Yli=i = ^ D2 branes or vortices. We 
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shall do so by returning to the IIB picture that has a stack of D3 branes stretched 
in the 0146 directions and intersecting a single NS5 brane in the 012345 directions 
and, for the moment, we turn off the fi-deformation. As before, we compactify the 
configuration on the (x^, x^) torus with the radii R ^ Rq and study the resultant 
effective theory on X S*^.'^ The world- volume theory is three-dimensional A/" = 4 
super Yang-Mills theory with gauge group U{N), whose matter content includes a 
vector multiplet V, an adjoint hypermultiplet H and L fundamental hypermultiplets 
Hi, all massless. Because the three-dimensional theory is compactified on S^, the 
effective two-dimensional theory preserves Af = (4, 4) supersymmetry. In terms of 
Af = (2,2) language, the three-dimensional U{N) vector multiplet V decomposes into 
an adjoint twisted chiral multiplet S = D^D_V and an adjoint chiral multiplet $. 
The real scalar in V combine with the Wilson line of ^4 G ^ around the compact 
circle to form the complex scalar A G S. The three-dimensional adjoint hypermultiplet 
H decomposes into a pair of adjoint chiral multiplets K, K and the L fundamental 
hypermultiplets into L fundamental chiral multiplets and L anti-fundamental chiral 
multiplets. Each field is accompanied by an infinite tower of massive Kaluza-Klein 
modes. 

Now we turn on the Nekrasov-Shatashvili version of the f2-deformation in the 23 
plane. The resulting theory has A^ = (2,2) supersymmetry in the undeformed (x°, x^) 
plane and there are twisted mass for the fields transforming under the (x^, x^) rotation. 
The adjoint chiral fields ^,K,K have rotation charge 1,—^,—^, respectively. Such 
rotational symmetry can also be mixed with the global f/(l)/j-symmetry, under which 
the fields are charged 0, |, — ^, respectively. Under the combined rotations, K and 
K acquire twisted masses e, and — e, respectively. The brane construction requires 
us to impose the twisted periodic condition x^ x^ + ^tiRq, u ^ u + m, which gives 
additional twisted masses 0,m and —m to and K. We can also introduce the 

three-dimensional Fayet-Iliopoulos parameter (, which is related to the two-dimensional 
Fayet-Iliopoulos parameter r by r = 2ttRC,. It combines with the two-dimensional 
vacuum angle to give rise to a complex coupling t = ir + 02d/27r which will be 
identified with the five-dimensional coupling. To summarize, we obtain an effective 
two-dimensional M = (2,2) theory with U{N) gauge group and coupling r. Its field 
content consists of three adjoint chiral multiplets with masses e, m, —m — e, L massless 
fundamental and L massless anti-fundamental chiral multiplets along with a tower of 
massive Kaluza-Klein modes for each field. 

The low energy theory is described by an effective twisted superpotential W^'^, 

^To recover the IIA picture, one has to T-duahze along the circle and separate the D2 branes 
by turning on Wilson lines as before. 
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whose tree level contribution includes the Fayet-Iliopoulos parameter and the theta 
angle [29] 

>V|i = 27rzrS . (3.1) 



In addition, we can introduce a level k Chern-Simons term, which contributes to the 
tree level action the term 



3d 
CS 



2 



(3.2) 



The one-loop contribution from each adjoint chiral field with twisted mass m includes 
sum over the infinite tower of massive Kaluza-Klein modes 



E 



m 



27m 



log ( S — m + 



2TTn 

'b7 



(3.3) 



In summary, when we integrate out the massive fields, the effective twisted super- 
potential is written as a sum over the scalars A in the chiral multiplet S. 



3d 



a=l a=l a, 6=1 neZ ^ 



f { Xab-m 



27m 



+ f { Kb + m + e 



f{Xab- 
27m 



27m 



(3.4) 



R 



where f{x) = a;(loga; — 1) and we define Xab 
described by the set of F-term equations 



Xa — Xb- The vacuum of the theory is 



exp 



1 



(3.5) 



It coincides with a set of Bethe ansatz equations which determines the eigenstates of a 
quantum integrable system. The eigenstates are labelled by a set of magnon rapidities, 
which we identify with the on-shell value of the complex scalars Xa- For the theory 
under consideration, its vacuum equations are 



sin f {Xab - e) sin f {Xab - m) sin f {Xab + m + e) 



sin f {Xab + e) sin f {Xab + m) sin f {Xab 



R 



R 



b=l 



m 



(3.6) 



In the mapping to the quantum integrable system, we identify the parameter e with 
Planck's constant via e = —ih. The magnons undergo factorizable scattering charac- 
teristic of an integrable system whose total scattering phase is the product of two-body 
S-matrices as given in the right-hand side of (3.6). The additional phase e^'^*'^ rep- 
resents a twisted periodic boundary condition of the scattering. The factor from the 
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Chern-Simons term is somewhat harder to interpret in the integrable model and will be 
explained in detail later. The total number of magnons coincides with the number of 
vortices. Note that unlike the purely two-dimensional theory whose F-term equation is 
a set of rational functions, the equation is trigonometric due to the sum over an infinite 
tower of Kaluza-Klein modes. Note that the hypermultiplets do not contribute to the 
F-term equation. 

We can recover the two-dimensional limit by taking i? — )■ 0. Note that the twisted 
mass m must be taken to infinity because the mass parameter is tuned as (2.2). The 
Bethe ansatz equation assumes the more familiar rational form 

0=1 

It is precisely the F-term equation for the four-dimensional M = 2* SU {N) theory with 
an adjoint chiral field of mass e. By examining the equation, we conclude that there is 
at most one magnon solution above the vacuum. To see this, let us rewrite (3.7) as the 
following polynomial equation 

N N N 

J](A-A, + e) + gJ](A-Afe-e) = (l + g)J](A-Ab) . (3.8) 

6=1 6=1 6=1 

Defining Q{\) = n^i(A — An), the above can be written as a periodicity condition for 
the polynomial P(A) = Q{\ + e) - Q{\), 

P{X)=qP{X~e) . (3.9) 

The only polynomial solution to (3.9) is a constant, which is nonzero only when q = 1. 
This implies that Q(A) also satisfies a periodicity condition for some constant ce, 

Q(A) = g(A-e)+ce. (3.10) 

The most general solution is a linear function of A: Q{X) = c(A — Ai), where the magnon 
rapidity Ai is an unconstrained complex number.^ Recall that the number of magnons 
coincides with the number of vortices. We conclude that there is no vortex unless q = 1, 
i.e. when the Fayet-Iliopoulos parameter r vanishes. But there is a contradiction here 
because the Fayet-Iliopoulos parameter must be nonzero for BPS vortices to exist in 
the first place. The only consistent interpretation is that there are no BPS vortices in 
the four-dimensional M = 2* theory. 



*We thank Adam Rej for discussion on the argument outhned here. 
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3.2 Elliptic quiver generalization 

To generalize to the elliptic quiver case, it is convenient to use a method of images and 
consider an infinite array of periodic images of the branes in the direction. This 
gives rise to an infinite quiver gauge theory, but we can recover the original picture by 
imposing a suitable periodicity constraint on the VEVs of the infinite theory. 

Following the logic of the previous section, the world-volume theory on the D2 
branes in the infinite quiver generalization is three-dimensional Af — A super Yang- 
Mills theory with an infinite product gauge group G = <S>^=-oo ^ i-^)a compactified 
on X S^. Its matter content consists of an adjoint vector multiplet Va and a bi- 
fundamental hypermultiplet Ha,a+i for each U{N)a, and L fundamental hypermulti- 
plets Hi. The bi-fundamental hypermultiplet H^^a+i carries mass m^, which coincides 
with the mass of the five-dimensional bi-fundamental hypermultiplet. This is clear 
from the brane picture because the D2 branes are embedded in the D4 branes and 
their position coincide. We can rewrite the fields in the J\f — (2,2) language as before. 
The bi-fundamental hypermultiplet i?a,a+i decomposes into a bi-fundamental chiral 
multiplet Ka in the representation N^+i with mass and another in the 
representation ® Nq,+i with mass — m^. 

Compactifying on the x*^ circle and turning on the Nekrasov-Shatashvili deforma- 
tion as before, we find that the A/" = (2, 2) adjoint and bi-fundamental chiral multiplets 

Ka,a+i, -^a,a+i Carry twistcd mass e, nia — e/2, —rria — e/2, respectively. Each gauge 
group U {N)a has its own coupling = e^'^*'^" and can be endowed with its own Chern- 
Simons level ka- 

The twisted superpotential is simply a sum over each quiver W^'^ — X]^=iW", 
which receive contributions from the tree level, adjoint and bi-fundamental parts 

N AT N 



a=l a=l a,b=l nSZ ^ V / 



e 



(3.11) 



+/ [>^:-K^-ma + ^ -^j +/ (^Ar^ - A^ + m« + - -—j 

Denoting (5a(A) = H^i f (A — A^), the F-term equation coincides with the nested 
Bethe ansatz equation 

gi?feaA« ^ _ (A" + rriq-i + 1) Qa (K - g) Qa+i {K -rria + l) 

"Qa-i (A^^ + rrio,-! - I) Qa iK + e) Qa+i (A^ - m„ - f) ■ 

To obtain the equation for K quivers, we now impose periodicity in by identifying 
the parameters in the a*^ and the {a + Ky^ gauge groups as 

^^a+K ^ ^^aj^^ ^ rUa+K = , k^+K = ka , T^+K = . (3.13) 
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For K = 1, the nested Bethe ansatz equations completely decouple from one another 
and we recover the Bethe ansatz equation for a single gauge group (3.6) after identifying 
mi = m + e/2. The shift in e/2 arises from the additional contribution to the twisted 
mass from the global i?-charge that was mentioned earlier. 

We can deduce the flow to theories with fundamental flavors by considering the 
decouphng limit qi,qK+i 0. In this limit, the gauge groups U{N)i and U{N)k+i 
freeze and the complex scalars are to be treated as constants: 

\i'^ = 9a + m,, \f+^) = e,-mK. (3.14) 

For the simplest K = 2 case, the gauge groups U{N)i and U^N)^ become flavor 
symmetries for the U{N)2 gauge group in the middle. We obtain three-dimensional 
super QCD with Nj = 2N. The integrable model corresponding to this theory is 
known to be the anisotropic XXZ spin chain. In fact, by moving the terms in (3.12) 
corresponding to the fundamental flavor contribution to the left-hand side, we obtain 

^RkXa -rr sin f (Ag -Ob- I) sin f (A, ~^b - I) ^ yr sin f (A, - - e) 
l}^ sin f (Ag -et + l) sin f (A, - 6^ + |) ^ sin f (A, - A, + e) ' 

Without the Chern-Simons term, it is simply the Bethe ansatz equation for the su{2) 
XXZ spin-^ chain of length 2N with inhomogeneities 6a and 6a, a = 1, . . . , N. Let us 
interpret the Chern-Simons term from the spin chain perspective. In general, a level k 
Chern-Simons term can be thought of as the infinite spin limit of a length k XXZ-type 
spin chain [30] 

-j^ sinh |(Aa -6i + S(>e) _ -j^ sin ^{\ab - e) sin |(Aab - m) sin |(Aaf, + m + e) 
fj^ sinh f (Aa -6e- Sfe) f-J^ sin f (Ag?, + e) sin f (Aab + m) sin f (Aaf, - m - e) 

(3.16) 

Once we identify the combination of inhomogeneities and spin with the mass parameters 
as [8] 

fie = -6i + sie, Jle = 6i + Sie, (3.17) 

the left-hand side of (3.16) coincides with the F-term equation of k fundamental chiral 
multiplets with twisted masses and k anti-fundamental chiral multiplets with twisted 
masses Jlf 

fj^ sinh ^{\a- fit) 

as we take se — )■ ioo, that is fi£,Jle — )■ oo. This is consistent with the idea that a level k 
Chern-Simons term can be introduced by coupling 2k massive fermions to pure Yang- 
Mills theory and integrating them out. Thus, to obtain the Bethe ansatz equation 
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(3.15) including the Chern-Simons term, we can begin with a length 2N + k chain and 
send k of the spins to infinity. 

In the two-dimensional i? — )■ limit, we obtain the Bethe ansatz equation for the 
inhomogeneous XXX spin chain. 

TT- (Ag -Ob - |)(Aa - - f) ^ rr - - /o ^gX 

For general the Bethe ansatz equation is that of the su{K) XXZ spin-| chain. In 
the i? — limit, we recover the nested Bethe ansatz equation for the su{K) XXX 
spin-^ chain. 

4 The Duality via Integrability 

In this section, we make the connection between the two theories precise by showing 
that the twisted superpotentials agree on-shell at their respective vacua. The vacua of 
the five- dimensional theory are determined by the type B quantization condition (1.4) 

which implies that the Coulomb branch moduli a are quantized in units of e. For a 
single gauge group, they are located at (2.5) 

aj = -jm - (^Tij + e. (4.2) 

Instead of computing directly, we use the fact that W = on-shell to evaluate 
the twisted superpotential W instead. To this end, let us define 

g = W^'^l . f - W^'^l . , . (4.3) 

The vacuum-independent subtraction ensures that the twisted superpotential vanishes 
at the Higgs branch root when rij = 0. The idea is to match this with the three- 
dimensional twisted superpotential, whose vacua are determined by the F-term equation 



exp 



L dXa 



(4.4) 



The vacua are also labelled by {nj}, which as we shall see, determine the configuration 
of the magnons in the complex plane. Our goal is to show that 



^~ W=^^(K}), (4.5) 
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where ~ means equal up to constants that do not depend on the choice of vacuum n. 
In the brane picture, rij corresponds to the number of D2 branes which are identified 
with the distance rije that the D4 branes are away from the root of the Higgs branch. 

The strategy is as follows. Since the Nekrasov partition function can be written as 
a product of the perturbative part and the instanton part, the twisted superpotential 
is a sum 

= + Wfnst • (4.6) 
We first check the agreement between the on-shell value of the perturbative part of 
the twisted superpotentials. This is done by evaluating W^^^^ at the quantized value of 
the Coulomb branch moduli (4.2) and checking that it matches with W^"^ evaluated at 
the leading order solution Ai°^ to the F-term equation, i.e. the leading order magnon 
solutions to the Bethe ansatz equation. 

expert ~ W^'^(Ai°)) . (4.7) 

Then we show from the instanton partition function that the saddle point equation 
reproduces the Bethe ansatz equation involving an infinite number of magnons. The 
quantization condition is equivalent to the truncation to a finite number of magnons. 
This enables us to obtain directly the Yang- Yang functional from the instanton partition 
function via 

gainst = W'^iXa) - , (4.8) 

after imposing the quantization condition. The check of the proposed duality then 
follows from (4.7) and (4.8). 

4.1 Perturbative check 

The perturbative part of the five-dimensional partition function only consists of a clas- 
sical part and a one-loop part. Without a Chern-Simons term, the classical part is 
simply 

y^f'-^j:-]- (4.9) 

The Chern-Simons term contributes an additional cubic term [31] 

'^S = fE-|, (4.10) 

while the one-loop part includes contribution from the tower of Kaluza-Klein modes 



i,i=l neZ 



(4.11) 
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where u}^{x) is related to the logarithm of Barnes's double gamma function 7ei,e2(^) by 
Ue{x) = lime2_>,o e27e,e2(^) this satisfies the identity uj[{x) = — logr(l + x/e). 
Evaluating the classical part, without the Chern-Simons term, on shell give 

L 

Gel ~ 

i=i 

The Chern-Simons term contribution is then 



log q [jmuj + -rij) . 



(4.12) 



Rk \ / 2 2 \ ( 
yes J- 2^ [j m +jme) rij + \jme + — I 



The one-loop part can be evaluated using the identity 



u^{x + ne) — u!^{x) 



ne 



log(27r) 



for n > 0, 



(4.13) 



(4.14) 



s=l 



where f{x) = a;(loga; — 1). We will denote Aj°^ = —jm — se, which will turn out to coin- 
cide with the leading-order configuration of magnon roots from the three-dimensional 
calculation (4.26). We find 



i,j=l ngS 



\{0) 

e Re 



\(0) 

e Re 



(4.15) 

where implicitly the contribution from a sum starting from a non-negative integer to 
a negative integer is defined to be zero. To sum over the Kaluza-Klein modes, we use 
the identity 



X 



27m 



R 



' 4 



x'^ + Uo(e'^'') - 



(4.16) 



which can be proven by a suitable regulation of the infinite sum and then a limit [29] . 
The quadratic terms contribute a vacuum-independent constant and can be dropped. 
We obtain 



'riij-l _i 



'1-loop 



R 



i,j=l \ s=0 s=nij 



(0) 



Lio ( e'^^^-^-i) 



i2 e 



(0) 



(4.17) 



Generalizing this result to the elliptic quiver case is straightforward. Using the 
f/(l) center-of-mass degree of freedom, we can choose 

«i = - (j - « + l)rn - (nj + ]\ e. (4.18) 

B=l ^ ^ 
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The perturbative part is a sum over contributions from each gauge group Wpgj.^ 



Ef=i >Vpert, where 



pert 



2e 

L 

-EE 

i,j=l nSZ 



27m 



27m 



(4.19) 



The on-shell value of the classical part without the Chern-Simons term is the same as 
the single gauge group case: 



log Qa [jmn" 



+ 2(«; 



a\2 



while the Chern-Simons contribution is 



(4.20) 



-,a Rka sr-^ 

^cs 



'a-l 



^ - (j - a + l)m 



v/3=l 



~ ( - (j - " + l)"^e 

v/3=l 



(4.21) 



The one-loop part can also be calculated in the same way as the single gauge group 
case above and we obtain 



i ^ 




^l-loop ~ ^ ^ ^ 


















s=n°. / 



-1 \ 

^ Li2 (e^<-^-)^ 



"(0) 



(4.22) 



where we have used the shorthand notation 

a-l 



A 



«(o) 



— (j — a + l)m — se 



(4.23) 



/3=1 



quantities which will turn out to coincide with the leading order solution to the nested 
Bethe ansatz equation (4.31). 
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Let us now move to the three-dimensional theory. Recall the twisted superpotential 
for a single gauge group (3.4), which we now sum over the Kaluza-Klein modes using 
(4.16) 

a=l a=l 

- ^ E { T [ ^^^^ " + " + + e + mf] (4.24) 

a,b=l ^ 

- Lis (e*^^^'"^-^)) - Li2 (e^^^^""-™)) - Lia (e^^(^-''+^+™)) | . 

To evaluate the twisted superpotential (3.4) on-shell, we need to solve the vacuum 
equation (3.6) order-by-order in q expansion. Let us write the solution as = Ai°^ + 
qX^a ^ + ■ ■ ■ . To the leading order, we have to solve 

n sin f (a1? + e) sin f (aI? + m) sin f (aI? - m - e) = 0. (4.25) 



6=1 



The magnons form a lattice in the complex plane separated by m along the real axis 
and e = —ih along the imaginary axis. We label them by 



Aj°^ = —jm — qt mod — , (4.26) 



where j = 1, . . . , L, and q = 1, . . . , with rij > rij for i > j. Evaluating on-shell, the 
tree level part agrees with the classical part in the five- dimensional theory (4.12, 4.13). 
The on-shell value of the part coming from the adjoint fields is 



i,j=l p=l q=l 



Li2 ( e j — Li2 ( e (»-j-i){p-9) j + L12 ( e (i-j-i)(p-<7-i) 1 



(4.27) 



where we applied the dilogarithm inversion identity Li2(e~*^) + Li2(e*^) = ^z"^ + 7rz + ^ 
to cast the expression into a difference form. Linear and constant terms were dropped 
as they only yield vacuum-independent constants. Next we notice that if we add the 
vacuum independent constant 



^V'"-)(-)j +],Li.(e-^^— )) (4.28) 
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to the summand in (4.27), the quadratic terms actually become manifestly vacuum 
independent and can therefore also be ignored. Next we use the identity 



ni,nj 



riij — l rii — l 



[gip -q-^)-9{p-q) = ( - )^(^) 

p,q=l 



(4.29) 



for any function to write 



R 



E E-E 



i,j=l s=—nj 



s=0 



Li2 ( e^'^(^-j-'^)'> ) — Li2 ( e 



(0) 



iRX 



(0) 



(4.30) 



In this final form we can see that it is equal to ^i_ioop (4-17) because contributions that 
depend only on one of rii or rij vanish by virtue of the Higgs branch root condition 
(2.2). 

The matching that we found above for a single gauge group can easily be generalized 
to the elliptic quiver case because the twisted superpotential is a sum over contributions 
from each node of the quiver. Solving the nested Bethe ansatz (3.12) to leading order 
in the q expansion as before, we find 



Q-l 



A 



a(0) 



— (j — q; + l)?n — qe mod 

13=1 



27r 



(4.31) 



for j = 1, . . . , L and q = 1, . . . , n". The on-shell value of the tree level part coincides 
with the classical part in the five- dimensional theory (4.20, 4.21). To compute the 
on-shell value of the adjoint and bi-fundamental parts (3.11), it is useful to replace the 
term involving A° — A^~^ with A""^^ — A^ (as we are summing over a). The sum can 
now be performed as above and we obtain the same answer as ^°ioop (4.22). 

We conclude that perturbatively Q = W^'^{{nj}) up to a vacuum-independent 
constant. 



4.2 Bethe ansatz from Nekrasov's instanton partition function 

Next we demonstrate the agreement at the non-perturbative level. Our starting point 
is the five-dimensional generalization of the Nekrasov's instanton partition function for 
A/" = (1, 1) SU{L) gauge theory with an adjoint hypermultiplet of mass m [32]. It is 
written as a sum over L Young tableaux Y = (Yi, . . . , Yl). The number of boxes in the 
p^^ column of the i^^ tableau Y^ is denoted by Yip and is the total number of boxes 
in all the tableaux. The instanton partition function, without the Chern-Simons term. 
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IS 

/ (0) \ / (0) 

/ , ^ 11 11 / (0) _ _ \ / (0) \ ■ 

(4.32) 

For brevity we have set the compactification radius R to unity but will restore it at the 
end of this section. Here {f;g)L = Y[r=o(^ ~ fd^) Pochhammer symbol and 

Xip = tti + pe + Yipe2, xlp^ = ai+pe for i = 1, . . . , L, p = 1, . . . , oo, (4.33) 

while Xipjq = Xip — Xjq. We can use the identify for the Pochhammer symbol 

{X;q)L = j^j^ forL>0, (4.34) 

to re-write Nekrasov's partition function (4.32) into one of the following two equivalent 
forms: 

X ^ ivi 1 r 1 r ^ ^jQ^'i'P 3<iiw 



Zi„3t(a,y,m) = 5^gl^l J] H 



E^"' n n 



(0) \ / (0) 



(0) \ / (0) 



(4.35) 



Y 



ij = l p,g = l I e ; e'^^ 1 l g »pjg ; 



where l^jpjg = Y^p — Yjq. Notice that the manipulation has so far been formal in the 
sense that 1^ and Yj can be Young tableaux containing infinite columns. To see how the 
Bethe ansatz equations arise, consider the extra factor generated when one increases 
the length of a particular column Ykr of Young tableaux by one unit while keeping 
all others fixed, i.e. AY^r = +1- The additional factor is 

— Q^kr,jq-m-^(^^ _ QXkr,jq+m+e+t2^^^ _ g^Ifcr, j<j -£ ^ ^ ]^ _ QXkr,3q+<^2^ 

^1111 — QXkr,jq-ni-e^(^Y _ gXfc^jq+m+e2^(^]^ _ QXkr.jq^(^\ — ga;fcr,iq+<:+e2^ ' (4.36) 

Now if we take the Nekrasov-Shatashvili limit £2 — )■ 0, then the instanton partition 
function becomes dominated by a saddle-point configuration which is given by the 
condition that the change in (4.35) due to such increase vanishes. So setting (4.36) to 
one, the saddle-point configuration can be found by solving 

(1 _ Q^kr,jq-m^(^l _ QXkr,jq+m+€^^-^ _ gXfc,.,„-e^ 
^ ^1111 (^]^_ QXkr,jq+m'j^-^ _ gl^fcrjq-m-f^^^l _ Q^kr.jq+liy (4.37) 
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It is important that these equations involving infinite products actually truncate 
to ones involving finite products once the quantization condition (4.43) is imposed. In 
order to show this, we generalize the argument developed in [12]. To this end we define 
the following function: 



Tix)- + 



Qix) 



■ Q{x + m + e)Q{x-m)Q{x-e) 
Q[x + m)Q[x — m — e) — q 



Q{x + e) 

(4.38) 

where 

L oo 
j=l q=l 

We see that the apparent poles of T{x) coming from the zeros of Q{x) in the denom- 
inator at precisely canceled by the zeros occurring at the same positions 
form the square bracket in the numerator, ensured by the Bethe ansatz-like equation 
(4.37). The function T{x) is therefore analytic in the x-plane. We can further define 
the following functions: 

L oo L 

Q(o)(x) = n n - ^"^""'^"O ' ^(^) = 11(1 - e^-'^O (4.40) 

j=l q=l j=l 

and the combinations 



B{x) 



Q(o)(x)' ' ' P{x)P{x-e) 
T{x) 



(4.41) 



P{x)Qo{x + ■m)Qo{x — m — e) 
Using these, we can rewrite the equation for T( 

A{x+6)A{x+m)A{x-m-e)-B{x)A{x) = qTi{x)A{x-e)A{x+m+e)A{x-m) , (4.42) 

From its definition A{x) potentially has simple poles at x = aj + qe, q = 1,2, ... ,oo and 
consequently A{x ± e) have simple poles at x = aj + (g =F 1)^) g = 1, 2, . . . , oo. On the 
other hand Tl{x) on the right-hand side has zeros at a; = aj> +q'e + m, q' = 1, 2, . . . , oo 
from P{x — m — e) and at x = Oj" + {q" — l)e — m, g" = 1, 2, . . . , oo from P{x + m). 

Now suppose that the simple pole of A{x — e) on the right-hand side at x = 
ttj + {rij + l)e, for some positive integer rij, actually coincides with a zero of lZ{x). This 
requires 

«i + {rij + l)e = «j' + {nj, + l)e + m 
=^ aj — ttji — m = [uji — nj)e 
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for some j' and some other positive integer rij/.^ This imphes that the potential pole 
of A{x) on the left-hand side at a; = aj + {rij + l)e must be be removed. Then by 
consistency the pole of A{x — e) at x = aj + {rij + 2)e must also not occur. Iterating 
this argument implies that A{x) only has a finite set of simple poles at x = aj + qe for 
q < rij. This implies that Oil j q — 2C , for q > rij. In other words, the Young tableau 
Yj truncates at rij columns and so Yjg = for g > rij, provided the condition (4.43) 
is obeyed. If we further choose an ordering so that j' = j ' + 1 in (4.43), we recover 
our quantized Higgs branch condition (2.3) which is obviously consistent with (2.5). 
We have therefore established that the infinite products over Young tableaux (4.37) 
truncate to a finite ones if (4.2) is obeyed, and we recover immediately the finite set of 
Bethe ansatz equations discussed earlier. 

Furthermore, in the limit €2 — )■ 0, using the asymptotic limit of the non-perturbative 
contribution to the five-dimensional twisted superpotential obtained from the instanton 
partition function ^inst(a, F, m), we find that 

>v4stL,.-,^-(„,+i). = y(^^p) - y(<^ (4-44) 

where 



y{xip) = log g ^ . 

i,p 

+ ^ ^ |^Li2(e''^f'-'''^"'"^) - Li2(e'^'f'^''~"') + Li2(e^*f'^«) - Li2(e^*f'- 



(4.45) 



Using the dilogarithm inversion identity once more, it is then straightforward to show 
that this precisely coincides with the non-perturbative contributions to the three- 
dimensional twisted superpotential, i.e. W^'^(Aa) — W^^{X''a^) where W^'^ is as given 
in (4.24). This establishes the matching of the non-perturbative parts of the five- 
dimensional and three-dimensional twisted superpotentials. 

Let us now examine the effect of including the Chern- Simons term. The five- 
dimensional Chern-Simons term contributes a constant factor in Zi^st as [33] 

g-«'=Ei,p5^ip(«i+(p-|)<:+|^ipe2)_ (4.46) 

The additional factor generated when we increase the Ykr column by one unit and take 
the €2 — )■ limit is 

g-_RA:(afc + (r-|)e+Yfcre2) ^ ^-Rk{xur-\<^) (4 47) 



^There is also another possibility obtained by choosing the zero dX x — aji> + q"e — m for some / 
and q" but this gives an equivalent solution in the end and so we ignore it. 
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This agrees with the contribution to the Bethe ansatz equation of a three-dimensional 
Chern-Simons term (3.6) once we identify the instanton positions and the Bethe roots 

3jS i/\ -i/p — OC I C ^ 2 . 

We can also easily generalize our analysis to the five- dimensional elliptic quiver 
theory, whose corresponding Nekrasov partition function is given by 



K L oo {(> ip,jq- q\ I g ip,jq ■ q 1 

^,..,(3".?°.™j=En'jr'n n ^ ' 



|^a}0=l ij = lp,g=l 



a Q + 1 \ / a(0) a + l(0) 

/ CO V 

a Q + 1 \ / Q(0) a + l(0) 

/ oo V 



(4.48) 



where the variables are 



xtj, = at+pe + Y,;e2, x^^'^ = at + pe , p = 1, . . . , oo , (4.49) 

and the Coulomb parameter a" satisfy the twisted periodicity conditions at~^^ = af+m 
and af^j^ = a". We can again follow exactly the same steps as in the single gauge group 
case and consider varying the length of the p*^ column of the Young tableau Y"". This 
leads to the quantization condition 



a, — a- 



-m, -«-<+/) e, 2 = 1,...,L, (4.50) 



and so the Young tableau Y"" has at most only n" columns, and the summation in 
(4.48) is now over finite Young tableaux. The nested Bethe ansatz equation can also 
be recovered using the additional factors arising from varying Y^^ as before. 

5 Comments on Future Directions 

Using the same techniques applied in this paper, one can imagine going to one dimension 
higher and studying dualities between theories in six and four dimensions compactified 
on tori and subject to the Nekrasov- S hat ashvili deformation in a two-plane. The corre- 
sponding integrable system is known as the doubly-elliptic system since in the analogue 
of the Ruijsenaars-Schneider model both positions and momenta of the particles are 
periodic [34]. When there are fundamental matter fields the integrable system can be 
described as the anisotropic XYZ spin chain. 

There have been recent advances on computing exactly the partition function of 
Af = 2 theories defined on a three-sphere [35-37], and its ellipsoid generalization de- 
scribed by a squash parameter b [38]: 

&'kir+^k2r = i, zuz^ec. (5.1) 
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Using the localization technique, the partition function is reduced to a matrix integral 
over the real scalars ai, i = 1, N in the vector multiplet. 



f N ^ 2 i 

= d a ' ^vector ^hyper ) (5-2) 

i=l 



Our three-dimensional theory can be thought of as a degenerate limit obtained when 
6—7-0, where the background becomes a circle of radius R times a single fi-deformed 
plane with rotation parameter e. The parameters are identified as 2nib = R and 27rz6^ = 
h (with e = h). The ellipsoid partition function has been shown to factorize into a vortex 
and an anti- vortex part [39]. In the 6 — )■ limit, the anti- vortex part becomes trivial 
and only the vortex partition function contributes in a non-trivial manner. Indeed, the 
one-loop determinant from the adjoint hypermultiplets is the quantum dilogarithm Sb 

N 

In the 6 — )■ limit, the partition function reduces to 

Z^^^ [ d^'a expf^V (5.4) 



The quantum dilogarithm reduces to the classic dilogarithm and we recover the adjoint 
contribution to the twisted superpotential as before 



= ^ E + Li.C-e-'l--"')) . (5.5) 



2mh 

Such three-dimensional theories on a circle have appeared repeatedly in the recent 
investigation of the 3d/3d duality relating three-dimensional gauge theories to theories 
defined on three-manifolds [40-42]. The three-dimensional jV = 4 super Yang-Mills 
theory arises as the theory on the domain wall of two four-dimensional M = 2 theories 
related by S-duality. It is identified with the 5*1/(2, M) Chern-Simons theory living 
on the cobordism of the Riemann surfaces related by the mapping class group. As 
such, many of the gauge theoretic quantities we have examined in this paper have nice 
geometric interpretations. Such three-manifold admits triangulation into hyperbolic 
tetrahedra with boundaries. Invariance under decomposition is translated into mirror 
symmetry. As the manifold is defined from gluing these tetrahedra, the gauge theory 
is defined by gauging the U{1) flavor symmetry. The twisted superpotential matches 
with the hyperbolic volume of each tetrahedron and the vacuum equation is then the 
gluing condition between them. 
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One might wonder whether the integrable structure extends to the non-degenerate 
squashed sphere. There are tantahzing hints from the form of the partition function, 
which is symmetric under exchanging b -H- 1/b due to a quantum dilogarithm property. 
The corresponding integrable system, if it exists, should also exhibit such modular 
property. The modular generalization of the XXZ spin chain has been investigated in 
[43]. It is natural to ask whether there is link to the squashed three-sphere. More 
recently, there have been attempts at the exact computation of the partition function 
on the five-sphere, where it is shown to reduce to integration over the instanton moduli 
space CP^ [44, 45]. Once computed, it should provide a lift of our five-dimensional 
theory on a circle. 

There has been parallel development on the relation between relativistic integrable 
systems and dimer models [46, 47]. In [47], it was shown that the Lax matrix of the 
relativistic Toda chain arises from the Kasteleyn matrix of a Y^'^ dimer on a torus, and 
that the commuting Hamiltonians are generated from paths along the dimer. The Y^''^ 
dimer is conjectured to give rise to a length p spin chain with p — q inhomogeneities. 
The Lax matrix of the Ruijsenaars-Schneider model involves elliptic functions of the 
particle position and momentum. It would be nice if this can be read off geometrically 
from dimer paths on a once-punctured torus. 

It would be interesting to explore these directions in the future. 
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